We study the reach of direct detection experiments for large bound states (containing 10 4 or more dark nucleons) of Asymmetric Dark Matter. We consider ordinary nuclear recoils, excitation of collective modes (phonons), and electronic excitations, paying careful attention to the impact of the energy threshold of the experiment. Large exposure experiments with keV energy thresholds provide the best (future) limits when the Dark Matter is small enough to be treated as a point particle, but rapidly lose sensitivity for more extended dark bound states, or when the mediator is light. In those cases, low threshold, low exposure experiments (such as with a superfluid helium, polar material or superconducting target) are often more sensitive due to coherent enhancement over the dark nucleons. We also discuss indirect constraints on composite Asymmetric Dark Matter arising from self-interaction, formation history and the properties of the composite states themselves.
The last decade has seen a dramatic broadening in the types of Dark Matter (DM) theories that are being proposed and searched for using various experiments [1, 2] . Previously the Weakly Interacting Massive Particle (WIMP) and the axion were the focus of both theoretical and experimental attention, and for good reason: in addition to solving the DM mystery, they resolve another theoretical puzzle, the hierarchy problem and the strong CP problem, respectively. As the WIMP has not surfaced, the urgency to look elsewhere has increased. At the same time, a qualitative expansion of the number of DM candidates has occurred. Most of the new ideas have centered around hidden sector DM, where the dynamics of the non-Standard Model sector allow for a wider range of dark matter candidates and signatures.
Most of the work in hidden sector dark matter has focused on candidates of a low mass [3] [4] [5] [6] [7] [8] , as envisioned and proposed in the hidden valley model. This focus is partly phenomenologically motivated, but as thermal candidates with mass above 10 TeV cannot obtain the correct relic abundance through a standard thermal freeze-out scenario, there is also theoretical motivation. A natural question is what models of DM exist above this "unitarity bound" and how one searches for such candidates.
Here we consider the detection of very heavy composite bound states of Asymmetric Dark Matter (ADM). These states satisfy the unitarity bound because they are synthesized relatively late in the Universe from light constituents in a hidden sector. The symmetric component of the DM freezes out through annihilation to light force mediators in the hidden sector, as proposed in the original models [9, 10] . If the forces in the hidden sector are sufficiently strongly attractive and long range, the DM states will bind and grow into large states, as shown in [11] [12] [13] [14] [15] . When the states grow to a size such that the Fermi degeneracy pressure dominates the dynamics of the bound state, they "saturate" to a constant density [16, 17] ; we call these states ADM nuggets. If the confining force in the dark sector undergoes a first order phase transition, dark quark nuggets can form [18, 19] , though in this paper we focus on nuggets formed via fusion. Because the properties of ADM nuggets depend on very few parameters, such as the force range and strength and the constituent masses, and combined with the requirement that the states can form in the first place, the theory space is fairly predictive. It was found in [20] that the natural size of ADM nuggets, formed via early universe fusion, is M X 10 20 GeV, and that they give distinctive signatures in the structure of galaxies and can produce signatures in indirect detection [15, 20] .
Due to their large size, the scattering of ADM nuggets in direct detection experiments can benefit from a significant N 2 X coherent enhancement, with N X the number of constituents in the nugget. The corresponding phenomenology was studied in [21, 22] , where it was shown how the recoil spectrum of an ADM nugget can be distinguished from that of normal WIMP DM. The focus of this previous work was primarily on noble liquid and semi-conductor experiments, and in this paper we aim to extend it by including more recent, lower threshold ideas for both electron and nucleon couplings. We furthermore consider both massive and light mediators, as well as a light, kinetically mixed dark photon mediator. Our motivation is that the N 2 X enhancement only holds as long the momentum transfer is low compared to the inverse radius of the nugget, which correlates strongly with the experimental threshold. This effect was recently exploited for the largest composite objects, M X 10 20 GeV, whose interaction cross-section is dominated by the object's geometric size, in the context in particular of gravitational wave detectors and spin precession experiments [23] . Here we focus on the regime most motivated by synthesis considerations (in the absence of a bottleneck, see [20] ), 10 3 GeV M X 10 20 GeV, and show how the recent program towards ultra low threshold detectors can impact the nugget DM parameter space.
In particular, a number of experiments have been recently proposed that are sensitive to very low momentum transfers, both for DM coupling to nucleons (see e.g. [24] [25] [26] [27] [28] [29] [30] ) as well as electrons (see e.g. [31] [32] [33] [34] [35] [36] ); some of these experiments are also sensitive to interactions via dark photons. Due to the increased sensitivity via the coherent enhancement, these experiments are natural places to look when searching for ADM nuggets. However, these novel experiments are very small in volume compared to the large noble liquid detectors used in classic WIMP searches. Our goal is to quantify the relative reach of low threshold experiments compared to the classic WIMP-like searches. We will show that the relative sensitivity at a given nugget mass depends strongly on the constituent mass, which (largely) fixes the nugget radius. For lower constituent masses, where the nugget saturation densities are lower and their size is larger, the low threshold experiments dominate; for larger constituent masses, the opposite is true and the noble-liquid experiments provide better sensitivity. This result highlights the necessity of a multi-prong experimental approach to place constraints on ADM nuggets.
The outline of this paper is as follows. In the Sec. II we review the model of composite dark matter we employ, and lay out our conventions and the main formulas for the direct detection of nuggets. We also review the relevant constraints from probes other than direct detection. In Secs. III and IV we consider the direct detection prospects of ADM nuggets with couplings to nucleons and electrons respectively. We conclude in Sec. V.
II. COMPOSITE ASYMMETRIC DARK MATTER
The goal of this section is to give a brief review of ADM nugget properties and their formation history. This allows us to select a natural model space for direct detection, as well as define our conventions for the direct detection parameter space. We also discuss the relevant constraints on the particle mediating the scattering with the Standard Model (SM), from probes other than direct detection.
A. Model and formation history
In the absence of a bottleneck, such as provided by electromagnetism in the SM, fermionic DM with a sufficiently attractive and long-range force can be synthesized with as many as ∼ 10 20 constituents. We refer the reader to [20] for a review of nugget synthesis and properties.
A generic Lagrangian to describe the properties of bound states of the fermions is given by
where χ are the constituent fermions of the bound state and for compactness we have omitted the kinetic terms of the scalar, ϕ, and vector, V , mediators. Such a weakly coupled model (with ϕ relabeled as the σ and V relabeled as the ω) is employed in nuclear physics to describe the gross features of the underlying strong dynamics.
To determine the reach of direct detection experiments, we need to parametrize the properties of the nuggets. The properties of nuggets with only a few constituents are quite modeldependent. However, once the nugget radius exceeds the de Broglie wavelength of the force mediator, the nugget enters a constant density regime called saturation. Here, it can be shown that all the nugget properties can be parameterized in terms of just two quantities [17, 20] -the constituent mass m χ and the reduced constituent mass m χ , with the latter taking into account the in-medium effects of the nugget on the constituent mass. For example, the radius of a bound state of N X constituents,
is determined by the saturation density n sat . This quantity is in turn is set by m χ :
where
In order for the bound states to reach saturation, neither m ϕ or m V can be too small, i.e, it must be that both m φ and m V must be larger than R −1
X . Thus we see that m χ and m χ tend not to be widely separated.
The total nugget mass is
where surf is the surface energy density. In a general model with both attractive and repulsive forces, surf is typically within an O(1) number of m χ and hence is a negligible contribution to the total mass for large nuggets (see Refs. [17, 20] for a discussion and calculations). For our purposes, we choose M X = N X m χ and n sat =m 3 χ /(3π 2 ) to illustrate the reach of direct detection experiments. All our results will be parametrized in terms of M X and m χ with the radius of the nugget in Eq. (2) written in terms of these variables,
Note that throughout this paper we use a convention where the index χ is used as a constituent label, while X refers to the bound state of χ's.
A natural question to ask is the typical size of nuggets that are synthesized via early universe fusion. While the size of synthesized states is in general model-dependent, large nuggets that constitute a significant fraction of the DM energy density are most naturally synthesized in the absence of a bottleneck to formation. In this case, the dynamics of synthesis are quite model-independent, determined only by the Hubble parameter and the geometric cross section of the nugget. One finds the synthesized size to be [20] N X 10 12 g * (T syn ) 10
Thus we see that lower constituent masses tend to give rise to larger nuggets. The reason for this can be seen in Eq. (3): nuggets with low constituent masses tend to have lower saturation densities, and hence larger sizes, implying that freeze-out of the synthesis process happens later. As we will see in the next section, however, self-interaction constraints tend to favor smaller interaction cross sections, implying that nuggets typically are not too large if they compose all the dark matter. Furthermore, if there is an additional mediator, either scalar or vector, whose de Broglie wavelength exceeds the radius of the nugget, its couplings must be extremely small in order to not affect the formation history and structure of ADM nuggets. In this work we will however take the nugget mass as a free parameter, with all nuggets having the same mass for simplicity. We leave the interplay between the nugget mass distribution, as predicted from the formation history, and the direct detection bounds for future studies.
B. Constraints on the mediator
We assume that the Dark Sector interacts with the Standard Model via a mediator 1 , φ, which couples either to nucleons or electrons,
The mass of the mediator, m φ , can either be large or small, compared to the typical momentum transfer in direct detection experiments. In our analysis, we will always consider g n or g e separately, in Secs. III and IV respectively. We will discuss these types of constraints in the rest of this subsection.
Mediator Interactions with Standard Model
The constraints on the coupling of the mediator to the Standard Model are highly dependent on the mediator mass, and we only consider a few benchmark scenarios, corresponding to the heavy and light mediator scenarios.
For a heavy mediator with a coupling to nucleons, the collider constraints depend on the UV completion of the g n φnn coupling. We consider the
operator, where we fix Λ = 2 TeV. Λ is approximately the scale where Eq. (9) in turn must be UV completed, and its value is taken such that the UV completion can plausibly be outside the reach of the LHC, depending on the details of the model. Following [37] , we then map this coupling to the effective nucleon coupling g n = 1 4
The exponential term indicates that the bound quickly becomes negligible when the range of the mediator becomes small compared to the Bullet Cluster bound on the scattering length. This occurs for
In this regime the light mediator φ does not contribute to the SIDM bound, though the constraint in Eq. (13) still applies, due to the short range DM-DM force that binds the constituents of the ADM nugget. The bounds in Eqs. (13) and (16) do not apply if the nuggets make up less than roughly 10% of the dark matter. Given the relative complexity of the dark sector and the non-trivial formation history, this is rather plausible, in particular if there are bottlenecks in the dark fusion processes [17] . To illustrate the variation in the direct detection phenomenology, we will consider a benchmark with m χ = 10 MeV, which is excluded by self-interaction bounds for M X 4 × 10 6 GeV if all of the DM is made up out of a nugget of a single mass. For this benchmark we therefore assume that the ADM nuggets we consider for direct detection compose 1% of the total DM density. All direct detection limits can be trivially rescaled to the desired subcomponent fraction, including 100%, in the large M X part of the parameter space.
While the SIDM constraints do not apply for subcomponent DM, there are additional consistency conditions on g χ which must be satisfied even in a subcomponent scenario: for example, the potential for a light scalar mediator will be modified due to the presence of the background charge density sourced by the nugget constituents. In particular, one expects the mass of a light field to receive an in-medium correction of the order δm
χχ with χχ ∼m 3 χ from the background χ-field in the nugget. If this correction reduces the range of the mediator inside the nugget to be comparable or smaller than the radius of the nugget itself (δm −1 φ R X ), the scattering cross section is dramatically altered 2 . To avoid this, we require
When the coupling becomes larger than this, the in-medium screening effects will alter the experimental reach, including its dependence on M X , and so we will limit ourselves to regions of parameter space where Eq. (17) is satisfied. If one instead assumes a repulsive interaction instead of an attractive one, the ADM nugget becomes unbound unless, again, g χ N −1/3 X . Finally, in Sec. IV we will briefly consider the special case of a light, kinetically mixed dark photon acting as the mediator. In this case the interaction is repulsive and it may be difficult for large ADM nuggets to form, due to a Coulomb-like barrier sourced by the dark photon. In order for ADM nuggets to undergo fusion in the early Universe, they must have enough kinetic energy to overcome this repulsive barrier, i.e.
where µ X 1 X 2 is the reduced mass of the two nuggets and we have allowed for the possibility that fusion occurs between nuggets of different sizes. Assuming fusion occurs either between nuggets of the same size or between a nugget and a single constituent, the barrier can be overcome if 
One might wonder whether instead of overcoming the barrier classically, it would be possible to have fusion occur via quantum mechanical tunneling through the barrier. In this case, the constraint on g χ involves calculating the Gamow factor and requiring that the transmission probability is a sizable fraction of unity. The corresponding constraint on the coupling is
Constituent and a nugget (20) where in Eqs. (19) - (20), we assume that the fusion occurs in a thermal bath whose temperature is on the same order as m χ . For scattering in this type of environment, fusion due to quantum mechanical penetration of the barrier is negligible until the barrier can be overcome classically. Therefore, we take Eq. (19) as indirect constraints on g χ when considering dark photons. While model specific contributions can change the prefactors in Eq. (17) and Eq. (19) , the scaling as a function of N X will remain.
C. Direct detection of composite Dark Matter
For a heavy mediator, the potential seen by a point-like DM particle is simply the sum of the potential for each of the scattering centers in the target. The part of the Hamiltonian governing this contact interaction is
or in Fourier space
where J sums over all scattering centers with location r J , µ Xt is the reduced mass of the DM and the SM target particle, 3 which we take to be a nucleon or an electron; we will generalize to nuclei in the next section. The DM-target scattering length is b Xt , again defined as either the DM-nucleon or DM-electron scattering length, depending on the model and process under consideration. For simplicity we have assumed a single type of scattering center in the target, by pulling the b Xt /µ Xt factor in front of the sum; the generalization to multiple types of scattering centers is straightforward and will be included when appropriate (e.g. for a GaAs target). The potential is normalized such that the cross section for a probe on a single, free scattering center is
In other words, σ 0 is the cross section for the scattering of a hypothetical DM nugget with radius zero off a SM nucleon or electron. Since this quantity is the analogue to the familiar DMnucleon/DM-electron cross section for elementary DM, we will therefore use it to parametrize the constraints. In particular for DM that couples to nucleons, σ 0 is defined as the cross section off a single, free nucleon, to allow for convenient comparison between targets with different atomic mass numbers.
Given that we will be comparing a variety of different target materials, it is helpful to explicitly separate the DM kinematics from the properties of the target by defining the structure function of the target by
which is normalized to be an intrinsic quantity. The λ i,f | are the initial and final states of the target, and the E i,f their corresponding energies; q and ω are respectively the momentum transfer and the energy deposited by the DM. The states λ i,f |, and therefore the function S(q, ω), are highly material dependent and must be computed on a case-by-case basis. In general, S(q, ω) depends on the direction of q, in particular for long-wavelength scattering in anisotropic crystals. However in this paper we will always work in the isotropic approximation, where S(q, ω) only depends on q ≡ |q| and ω. It is worth noting that this prescription is correct only as long as the Born approximation is valid, i.e. as long as the total cross section remains smaller than the geometric cross section. This condition is violated in part of the parameter space, as we will comment on when appropriate. By Fermi's golden rule, the differential cross section of a point-like probe with the target is then dσ dq dω
where v is the DM velocity in the lab frame. We have included the form factor induced by the mediator particle, which we take to be
where q 0 is a reference momentum transfer. The typical momentum transfer is often proportional to µ Xt , which depends on the target. We will not study the intermediate regime, where the mediator being heavy or light varies from experiment to experiment -we will assume that the mediator mass is such that either the heavy or light case applies for all experiments shown in a given plot. In terms of the underlying model parameters σ 0 is given by
(light mediator) (27) with g t standing for g e or g n , depending on the case at hand. The N 2 X factor makes the coherence over the nugget constituents explicit. Finally, with Eq. (27) it becomes manifest that the physical cross section for a light mediator in Eq. (25) is independent of the arbitrary parameter q 0 .
Moving on to the scattering of extended nuggets, we must introduce a form factor to account for the non-zero radius of the DM particle, as laid out in [21] . For elastic scattering with uniform couplings to all constituents, the form factor is given by the Fourier transform of the mass density, ρ X ,
Further assuming that the constituents of nuggets are uniformly distributed, the mass density is simply a three dimensional spherical top hat function and thus the form factor is
where j 1 (x) is a spherical Bessel function of the first kind (see Fig.1 ). The differential scattering cross section of an ADM nugget can then be written as
where dσ/dq dω is the differential cross section of a point-like dark matter particle with the same mass and coupling strength as the ADM nugget, as defined in Eq. (25) . We have normalized the form factor such that F X (0) = 1, such that we manifestly recover the point-like limit if qR X 1. In this regime all constituents contribute coherently and the scattering rate scales with the square of the number of constituents, as is evident from Eq. (27) . If the inverse momentum transfer is smaller than the radius but still larger than the interparticle spacing of the nugget, coherence is lost and the form factor drops rapidly. Finally, once the momentum transfer is larger than the inverse interparticle spacing, we enter the regime of deep inelastic scattering (DIS), and the form factor description breaks down. Given the relatively low speed of the DM in the galaxy, the maximum momentum transfer in a single collision is O(m N v) ∼ 100 MeV, such that DIS is only relevant for m χ 100 MeV. If the interior of ADM nugget is resolved in the collisions, the rate moreover is always dominated by the lowest accessible momentum transfer, such that the DIS contributions are a negligible correction. The one exception occurs for high threshold, noble liquid experiments when m χ 10 MeV; here, the experimental threshold pushes the scattering into the crossover region between the form factor and DIS descriptions. When relevant, we will comment on this effect when presenting our results.
We can combine Eq. (24) and Eq. (30) to obtain the differential rate per unit of exposure, as seen by the experiments
with ρ X ≈ 0.3 GeV/cm 3 the DM mass density in the galaxy, ρ T the mass density of the target material, and n T the number of available scattering centers in the target. Here, f (v) is the velocity distribution of the DM in the frame of the earth, given by
with v 0 = 220 km/s, v e = 240 km/s, truncated by the escape velocity v esc = 550 km/s.
Energy and momentum conservation enforce target-dependent boundary conditions on the q-integral, depending on whether the DM scatters with a nucleus, a phonon or a bound electron. Finally, different detectors are sensitive to different energy ranges, which in turn restricts the integration range over ω. We will elaborate on all these differences and their impact in the following sections, but it should be already clear from Fig. 1 that in particular the boundary conditions on |q| will have a huge impact on the rate: if the threshold of a particular experiment is too high to allow for coherent scattering, its reach will be greatly reduced. 
III. NUCLEON COUPLINGS
In this section we consider the case where the nuggets have a coupling to SM nucleons only. The nucleon couplings give rise to a nuclear recoil, or in the case that the momentum transfer is smaller than the inter-atom spacing, coherent phonon excitations. As was shown in Refs. [16, 17, 20] , there is enormous variation in dark nugget formation histories and resulting size. For this reason, it does not seem warranted at this point to carefully recast all existing limits on elementary dark matter to the composite case. Instead we consider a handful of simplified experimental concepts which are representative of the larger set of experiments and ideas for (future) dark matter direct detection, as listed in Table I .
In particular, we compare high threshold, high exposure noble liquid experiments with low threshold, low exposure experiments such as semi-conductor or superfluid helium targets. (For a recent overview, see [2] .) For nuggets on the higher end of the mass range, as we will see, only the low threshold experiments benefit from the coherent enhancement over nucleon number, such that they can be competitive despite their much lower exposure. This implies a high degree of complementarity between both approaches, which we quantify below. The calculations are qualitatively different depending on whether the scattering takes place in the nuclear recoil regime, or in the regime where direct phonon production dominates and so we treat both cases separately.
A. Nuclear recoils
For ordinary nuclear recoils, the structure function in Eq. (31) is
with A the atomic mass number of the nucleus and m N the mass of the nucleus. F N (q) is the Helm form factor of the nucleus
with skin depth s 0.9 fm and R N ≈ A 1/3 × 1.2 fm. We have assumed that the scattering length is the same for protons and neutrons. We take XENON1T [52] as a representative for the existing limits from the large exposure experiments;
4 PandaX-II [57] and LUX [58] have set very similar bounds. XENON1T reaches its maximal signal efficiency for 10 keV E 45 keV, but is partially efficient for substantially lower/higher recoil energies. To model this effect, we use the full efficiency curve supplied in [52] in our calculations. For our approximate reinterpretation, we use the "reference region" defined in [52] , which contains roughly 50% of the signal and an expected background of 0.36 events. No events were observed and so we take 3 signal events in this region as our approximate limit. We consider CDMSlite [53] as an example of an existing, low-threshold experiment with a semi-conductor target. (Other experiments with competitive results on low-threshold nuclear recoils are CRESST-II [59] and NEWS-G [60] .) CDMSlite had an exposure of 70 kg-days in their second run, with a threshold of roughly 0.5 keV and a maximal signal efficiency leveling around 50%. We use the full efficiency curve provided by the collaboration, which we unfold to nuclear recoil energies using the Lindhard formula with the parameters given in [53] . The analysis had a large number of background events, divided over four non-overlapping energy bins. For each bin, we extract a limit on the cross section assuming that all background events can be interpreted as signal, and select the strongest such limit for each mass point. This procedure reproduces the CDMSlite limit to within 50% for DM masses above roughly 10 GeV. For the part of the phase space near the detector threshold the agreement is worse, however our estimate is always conservative. Loosely modeled after LUX-ZEPLIN [61] , we estimate the reach for future high exposure experiments by assuming a 15 ton-year exposure and a 5 keV (75 keV) lower (upper) energy 4 The kinematic restriction in Eq. (34) is lifted if the nucleus emits a photon during its recoil [54] , or by emitting a Migdal electron [55] . For light DM these processes add sensitivity for detectors of which the threshold would normally be too high to detect the regular nuclear recoil, as is evident from a recent LUX analysis [56] . For ADM nuggets, one can verify that the bremsstrahlung process never provides more reach than nuclear recoils, regardless of R X . The recast of the Migdal effect is more involved, and we leave this for future studies.
threshold. We further assume a background expectation of 5 events in the signal region, which corresponds to an expected 90% exclusion of roughly 10 signal events if no background subtraction is attempted. For a future, low threshold semi-conductor experiment we consider a Ge target with 100 kg-year exposure, a threshold of 50 eV and 10 4 expected background events.
These parameters are loosely modeled after the superCDMS [62] projections.
Lastly, we consider a few ultra-low threshold options, for which the R&D is still ongoing: A miniaturized silicon detector with transition edge sensor (TES) read-out, for which we take the dynamic range between 10 meV and 1 eV, and a long-term exposure of 1 kg-year, which may eventually be achieved by multiplexing the detector. In the same vein, we include a superfluid helium target in nuclear recoil mode [27, 63, 64] with a dynamic range between 1 meV and 100 meV; superfluid helium in the phonon mode will be discussed in the next section. For both concepts, we (optimistically) assume negligible irreducible background. At least for radiogenic backgrounds, this is expected to be true due to the suppressed background spectrum at low recoil energies (see e.g. [65] ) and the relatively low exposure. It is moreover straightforward to approximately rescale our projections for different background assumptions. Other future proposals, which we do not discuss here, include searches for anomalous color centers [24, 26] , magnetic bubble chambers [66] and excitations in molecular gases [67] .
In the remainder of this section we will present a number of analytic, approximate formulae for the rate. This will allow us to understand the features present in the sensitivity curves and to make explicit where low threshold detectors can perform better than the standard noble liquid experiments. We make the following approximations: (i) we set the DM velocity distribution to a delta function centered at v 0 , (ii) drop the form-factor for the SM nuclei (F N ≈ 1) and (iii) take M X m N , such that the reduced mass µ XN ≈ m N . The ADM nugget form factor can further be expanded as
where the expansion at large momentum transfer only holds when the form factor is integrated against a smoothly varying function of q.
With the assumptions outlined above, the maximum and minimum momentum transfer for nuclear scattering is
where E thres is the experimental threshold. There are then three regions of the sensitivity curve that each have a different dependence on the ADM nugget mass, as shown in Fig. 2 . They are:
• Region I: No form factor suppression, q max R X 1.
The ADM nugget radius is always less than the inverse momentum transfer. The SM nucleus therefore cannot probe any of the finite size properties of the ADM nugget and the nugget behaves like a point-like particle for all available phase space, regardless of the threshold of the detector. For heavy DM, this property holds when
• Region II: Partial form factor suppression, q max R X 1 q min R X .
The ADM nugget radius is larger than the inverse momentum transfer for some of the accessible phase space, and the coherent enhancement only occurs for a fraction of the scattering phase space. For heavy DM, this partial form factor suppression occurs when
• Region III: Complete form factor suppression, q min R X 1.
The ADM nugget radius is larger than the inverse momentum transfer even for the smallest detectable momentum transfer, and thus the SM nucleus can probe the finite size properties of the ADM nugget for all of the accessible phase space. This implies that the coherent enhancement never occurs. For heavy DM, this complete form factor suppression occurs when
Due to the simplicity of dynamic structure function for nuclear recoil, the detector-specific rate can be well approximated by an analytic expression. As we seek to determine which detectors work best for various regions of the ADM nugget parameter space, we pull out the dependence of the rate on the atomic mass number A by substituting m N = A m n .
For a heavy mediator, the fiducial cross section for an ADM nugget with mass M X and radius R X , scattering off of a target nucleus is where σ 0 is the reference cross section for scattering off a single, free nucleon, as defined in Eq. (23) . In all regions, the cross section receives an A 2 enhancement from the coherence over the SM nucleus. In region I, this is supplemented with an A 2 phase space enhancement for heavy target nuclei, while for region III the 1/q 2 min phase space suppression partially cancels the effect of the coherent enhancement over the SM nucleus.
The effect of the form factor on the reach of two hypothetical experiments with different thresholds is shown in Fig. (2) , where we labeled the transitions between regions I, II and III. In both panels, the crossover between regions I and II indicates where the form factor starts to reduce the reach relative to the point-like DM case. The left hand panel shows that this transition occurs sooner for lower values of m χ , which correspond to a larger nugget. In the right hand panel we see that the transition between regions I and II is independent of E thres , as expected from Eq. (38) .
The dependence of the cross section on the dark nugget radius in the three different regions can be explained by simple arguments. In region I, where the nugget behaves like a point particle, there is no dependence on R X . In region III, where the form factor is nontrivial for the entirety of the phase space, the expansion in Eq. (36) dictates that the cross section will scale as 1/R 4 X . Lastly, in the intermediate region II, where the form factor only affects high momentum transfer scattering, the cross section scales with 1/R 2 X . This is because the largest momentum transfer that is unaffected by the form factor is roughly 1/R X , such that one can obtain an estimate for the cross section by substituting q max → 1/R X in the expression for region I.
For interactions between the ADM nuggets and SM nuclei via a light mediator, these conclusions change qualitatively: the additional form factor in Eq. (26) further weights the matrix element towards lower momentum transfer and favors low threshold experiments over their higher threshold counterparts. The approximate fiducial cross section in this case is
where q 0 = v 0 m n is an arbitrary reference momentum, to render the definition of σ 0 in Eq. (27) IR finite. The cross section is even more biased towards the low momentum transfer regime, as is evident from the q min factors in the denominator of both expressions. This implies that to leading order, there is no difference between regions I and II, since in both cases the process is still coherent near the low momentum threshold. The phase space distribution also changes the dependence on the atomic mass number A, making heavy nuclei detectors less favorable, as compared to the heavy mediator case in Eq. (41). For both Region I and Region II, where the dominant contribution to the scattering rate is unaffected by the form factor, there is no dependence on R X . It is only in Region III, where the form factor affects the entirety of the phase space, do we see a 1/R 4 X dependence that arises from the expansion of Eq. (36).
B. Collective Modes
When the inverse momentum transfer is larger than the inter-particle spacing, the response of the target is qualitatively different than what was considered in the previous section: the target can no longer be treated as a collection of non-interacting nuclei and instead one has to integrate out the atoms and use an effective description of a phonon gas at zero temperature. While scattering at such low momentum occurs for all types of dark matter, this contribution is typically heavily phase space suppressed for heavy dark matter. Large dark nuggets are an exception to this rule, as the coherent N 2 X enhancement to the cross section at low momenta can overcome the phase space suppression in certain regions of the parameter space. A similar effect can occur when the scattering is due to a light mediator. Calculations of the single phonon production have been performed for the polar materials GaAs and sapphire [29, 30] and for two phonon/roton production in superfluid helium [27, 28] .
For superfluid helium, we estimate the reach with the analytic expressions for the dynamic structure function in Refs. [27, 28] which match the simulation data [68] to within an order of magnitude. In particular, in the region where |q| 1/Å, the structure function can be approximated as
where the first and second terms represent single and double phonon production respectively. However, for q keV and optimistic energy thresholds, the single phonon component is always too soft to contribute to the detection rate, as its energy is ω q ≈ c s q where c s ≈ 10 −6 is the speed of sound in superfluid He. We therefore rely on double phonon production to detect ADM nuggets in superfluid helium when the momentum transfer is below the nuclear recoil threshold.
For scattering off phonon excitations in a crystal, the structure function is
with F ν (q) and ω ν,q are respectively the phonon form factor and energy corresponding to the phonon branch ν and momentum q. We consider the example of GaAs, which has a cubic crystal structure with one gallium and one arsenic atom in its primitive cell, which give rise to 6 independent phonon modes. To leading order, only the longitudinal modes contribute with the form factor 
where the + and − indicate the longitudinal acoustic (LA) and longitudinal optical (LO) mode, respectively. A Ga and A As are the atomic mass numbers for gallium and arsenic, while r Ga and r As are the locations of the gallium and arsenic atom with respect to the origin of the primitive cell. For a rough estimate, one can take r Ga,As · q ≈ 0. The LO mode has energy ω LO ≈ 30 meV, which is to good approximation momentum independent. For q 1 keV, the LA mode has a linear dispersion relation ω LA = c s q with the sound speed c s ≈ 2 × 10 −5 . We refer to [30] for details on the derivation of Eq. (45). Identical to the nuclear recoil case in the previous section, there are three qualitatively different regimes in the parameter space, set by the hierarchy between q min , q max and 1/R X . The main difference is that for phonon modes q min can be substantially lower than for nuclear recoil, thus enlarging the region of parameter space where coherence over the ADM nugget is possible (region I). We illustrate this for the case of the LA phonon in GaAs with simplified expressions for the fiducial cross section. The analogous expressions for the LO mode and helium can be easily derived. For the LA mode,
with q c ≈ 1 keV the momentum transfer at which the single phonon description starts to break down. Forc one has to match to the nuclear recoil regime by including higher order corrections to the matrix element, which we do not attempt here. For a heavy mediator, the fiducial cross section is
where we use that A ≈ A Ga ≈ A As . Due to the strong q 3 c /m 3 n phase space suppression in the coherent regime (region I), we find that phonons in GaAs are never competitive with nuclear recoils in superfluid helium for a heavy mediator. The same conclusion holds for phonons in superfluid helium. For a light mediator on the other hand, the fiducial cross section is
This scaling is much more favorable for a low threshold, phonon based detection principle and, as we shall see in the next section this detection strategy can be competitive with high threshold, high exposure experiments.
C. Results
We now turn to a quantitative comparison of the numerical results. As discussed extensively in the previous sections, the key quantity is the radius of the ADM nugget, given by
In our reach estimate, we fix m χ to a few benchmark values and vary the ADM nugget mass M X . For fixed m χ , the radius therefore grows with increasing M X , while for fixed M X , smaller m χ correspond to a larger, less dense ADM nugget. We illustrate the direct detection phenomenology with the limiting cases of m χ = 10 MeV and m χ = 10 GeV; the m χ = 10 MeV benchmark roughly corresponds to the lowest value for the constituent mass for which one can imagine a plausible formation history, consistent with Big Bang Nucleosynthesis. As discussed in Sec. II B, this benchmark is also in tension with self-interaction bounds if M X 4×10 6 GeV, which leads us to assume that the ADM nuggets make up 1% of the total DM mass density. This bound does not apply for the m χ =10 GeV benchmark, which will roughly correspond to the highest value for which low threshold experiments can add sensitivity, for a heavy mediator. Table I for heavy mediator coupled to nucleons and nuggets with 10 MeV constituents. We assume nuggets are 1% of the DM density due to SIDM constraints; the dot-dashed purple curve indicates the LHC constraint on the UV completion in (10). Table I , for heavy mediator interacting with nucleons and nuggets with 10 GeV constituents. The white triangle on the left marks where rock overburden eliminates underground direct detection sensitivity. Constraint curves terminate when the expected number of ADM nuggets passing through the detector drops below one per year.
FIG. 3. Existing and projected reach of experiments in

FIG. 4. Existing and projected reach for the experiments described in
The reach for a heavy mediator is shown in Figs. 3 and 4 for nuggets with constituent masses m χ = 10 MeV and m χ = 10 GeV respectively. In the gray region the cross section exceeds the geometric cross section for an ADM nugget with radius R X ; the parameter space there is unphysical. Current constraints are shown by shaded regions. There are parts of the parameter space, specifically at large cross sections and low nugget masses, where no experiment has any reach, as the nuggets are stopped by an overburden equivalent of around 2 km of rock. This overburden effect depends on M X due to the ADM nugget's form factor, as computed in Appendix A. In other parts of the parameter space, multiple interactions in the detector can occur in the same event, which requires a dedicated analysis [69] . We also indicate, in dot-dashed purple, the LHC constraints on the UV completion described in Sec. II B 1. Lastly, note that the maximum nugget mass that a superfluid helium detector can probe with a kg-year exposure is slightly higher than that which can be probed by a silicon detector with the same exposures because of the difference in the detector volumes.
For m χ = 10 MeV (Fig. 3) , the ADM nugget is large enough such that the fully coherent regime (Region I) is never available, regardless of the detector. For high threshold, high exposure experiments, even partial coherence is not possible, regardless of M X . The fiducial cross section is therefore heavily suppressed as the scattering is always in Region III. For a low threshold detector on the other hand, q min R X < 1 as long as M X 10 5 (Si) or M X 6 × 10 7 GeV (He), such that coherent scattering remains possible in part of the phase space (Region II). For larger M X the low threshold detectors also transition to the fully incoherent regime (Region III), as is evident from the change in slope of the Si and He curves in Fig. 3 . Beyond this point, the form factor suppression is present for all experiments but it is more severe for the high threshold detectors. 5 This can be seen from the approximate formula for region III in Eq. (41), which shows that the fiducial cross section scales with 1/E thres . The rate per unit exposure in Eq. (31) is moreover proportional to 1/m N = 1/(A m n ), such that there is no residual enhancement for large nuclei. This implies that the relative reach of the various experiments in this regime is determined by the ratio of their exposure over their threshold, assuming comparable backgrounds rates. For m χ = 10 GeV (Fig. 4) , the ADM nugget has a much smaller radius and thus does not suffer from form factor suppression for even intermediate masses. This means that the traditional, large exposure experiments perform best in most of the parameter space, except for very high M X . Concretely, only for M X 10 13 GeV a low threshold Si experiment with kg-year exposure would outperform the existing XENON1T limit, and even in this case a future 5 For the liquid xenon detectors the minimum momentum transfer is roughly ∼ 10 MeV. For the m χ = 10 MeV benchmark this means that strictly speaking the scattering always occurs in the cross over regime between the form factor description and the DIS description. We expect that the true constraints for the xenon experiments could therefore be somewhat weaker than what is shown in Fig. 3 . liquid xenon experiment is still expected to set the best limit. In the intermediate regime for the constituent mass, 10 MeV < m χ < 10 GeV, the reach of both types of experiments is complementary: relatively low M X is covered by liquid xenon detectors, while the reach for high M X can be better for a low threshold experiment.
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The reach for a light mediator is shown in Fig. 5 . "Light" here refers to a mediator whose mass is low compared to the typical momentum transfer in the scattering, meaning m φ m N v 0 . The scattering is heavily biased towards the low momentum transfer regime, and a low threshold detector is always advantageous, regardless of the radius of the nugget (see Eq. (42)). In this scenario the phonon modes for helium and GaAs have the potential to outperform the high exposure experiments with several orders of magnitude in the full parameter space. For completeness, we also include a number of indirect constraints, for which we assumed the 6 The reach shown for He and Si is reduced because we assume an upper bound on the detectable energy, 100 meV and 1 eV, respectively. This is an estimate for the final generation of detector concepts, with the lowest thresholds. As these campaigns will occur in stages, gradually lowering the energy range of interest, our projections are likely somewhat conservative for this benchmark. The upper bound on deposited energy also invalidates some of the analytic relations in Sec. III A; the necessary modifications are easily derived.
mediator mass m φ to be 1 eV. For this mass value, the maximal coupling to the mediator to the SM nucleons is g n ∼ 10 −12 , as derived from stellar cooling bounds [46] . This constraint on g n is combined with several constraints on g χ to demarcate regions that are either excluded via indirect constraints or must be handled with care. For example, DM self-interactions via a light mediator, derived in Eq. (15), exclude regions above the red dashed line, labeled as SIDM; this bound can be avoided if ADM nuggets are a subcomponent of the total DM density. There is also a region in Fig. 5 which is a priori physical, but for which our approximations do not apply: above the dot-dashed blue line, corresponding to Eq. (17), the mediator mass receives important in-medium corrections which should be accounted for in the scattering rate. This effect is expected to weaken the constraints; for more details we refer to Sec. II B.
IV. ELECTRON COUPLINGS
In this section, we consider scattering of ADM nuggets with electron couplings, including interactions mediated by dark photons. The leading existing electron-recoil limits are derived from XENON10 data [31, [70] [71] [72] and a recent surface run by the SENSEI collaboration [73] ; SENSEI had a factor of ∼ 10 lower threshold, but substantially smaller exposure. A comparable result exists from the SuperCDMS collaboration [74] . Near future (1-5 years) detectors will have enhanced sensitivity to electron recoils, primarily by pushing for higher exposure, and in some cases lower thresholds. This includes semiconductor targets (SENSEI [2, 73] , DAMIC-K [75] , SuperCDMS [2] ), scintillators [34] , graphene (PTOLEMY [33, 76] ) and xenon (LBECA [2] ). As an example we take a silicon semiconductor with a kg-year exposure with a two electron threshold, as a future projection for SuperCDMS, SENSEI or DAMIC [2] . Finally, there are slightly longer term prospects for even lower threshold detectors, such as superconducting aluminum [35, 65] , Dirac materials [36] , and polar materials (e.g. GaAs, sapphire) [29, 30] . As representative examples we consider a superconducting target and, in the case of a dark photon mediator, a polar material (GaAs). All (proposed) experiments we consider are listed in Table II , along with their (assumed) thresholds and exposure. Just as we did for the nucleon couplings, we have assumed aspirational exposures for the more long term proposals; rescaling the projected limits for different assumptions is trivial.
A. Electron recoils
For reference, we summarize the dynamic structure factors for electron targets appearing in Eq. (31) . The dynamic structure factor, S(q, ω), in semiconductors and liquid xenon depends strongly on the electron potential in the medium. The electrons in a superconductor can be "BD" refers to a bin-dependent analysis, as described in the text.
approximated by a non-interacting Fermi liquid at zero temperature, and the impact of Pauli blocking must be accounted for.
Ionization in Atomic Targets
In this process, the DM ionizes an electron in one of the outer shells of the target atom, Xe in the case at hand. The residual kinetic energy of the electron is deposited in the form of secondary electrons or (unobserved) scintillation photons. The corresponding structure function is
with n, the binding energy of the atomic level (n, ), k ≡ 2m e (ω − | n, |) and the ionization form factor. The form factor f n, (k , q) is non-trivial and must be computed from the atomic wave functions and the wave function of the outgoing, unbound electron, as detailed in Refs. [31, 70, 71, 77] . We compute the structure function and the electron yield as a function of the recoil energy with QEdark code [70, 71] , which supplies f n, (k , q) for Xe. Since the rate is dominated by the 4d 10 and 5p 6 shells, we neglect the remaining orbitals in our estimates. We further bin the differential rate according to the expected number electrons and require the signal to be below the XENON10 data [72] at 90% confidence level in each bin. The above approximations reproduce the limits for light, elementary dark matter in [71] to within ∼ 30%.
Electronic Transitions in Semiconductors
In semiconducting targets, such as silicon and germanium, the gap between a valence and conduction band is 1.1 eV and 0.67 eV respectively, which corresponds to the lower bound on the energy threshold. In practice, the threshold is often taken to be the energy needed to produce two or three electrons, in order to suppress the dark count rate and/or other low energy backgrounds. The structure function is
where n T is the electron number density and the i, i label the initial and final electronic bands, with energy E i,k at momentum k. The sum over G is over the reciprocal lattice and the integrals over the initial and final electron momenta k, k are over the first Brillouin zone. The transition matrix element f i,k→i ,k ,G is determined from the electron wave functions and has been evaluated numerically [32] with the Quantum EXPRESSO [78] package, and subsequently tabulated as part of the QEdark code [32, 70] , which we use for our calculations. (See [77] for a semi-analytic approach.) To convert the energy deposited by the DM to the number of ionization electrons (n e ), we assume the same linear relationship as in [32] . For the existing bounds, we recast the latest SENSEI limit [73] . Since this was a surface run, the one and two electron bins have a large amount of background events and we set a limit only with the n e 3 and n e 4 electrons selections, which respectively correspond to a threshold of 8.3 eV and 11.9 eV. In these two signal regions, 132 and 1 event(s), respectively, were observed and the bounds at 90% confidence level are computed by conservatively assuming that all observed events were signal. For each point in the parameter space, we take the strongest of these two limits. For the future reach of a larger exposure, underground detector, a negligible background is assumed for n e 2, which corresponds to an effective threshold of 4.7 eV; as a benchmark, we assume an exposure of 1 kg-year.
Scattering in Superconductors
In metal targets, DM can scatter off of the quasi-free valence electrons [35, 65] , which have a typical Fermi velocity, v F ∼ 10 −2 . In the superconducting phase, a small gap on the order of an meV develops above the Fermi surface, which forbids scattering processes with energy depositions less than the width of the gap. For energy depositions sufficiently above a meV, the existence of the gap can be neglected and the scattering becomes identical to that in a free
Fermi gas, at zero temperature. In this case, the dynamic structure factor is
where m e is the mass of an electron, µ the chemical potential and n T is the electron number density. Note that for superconducting aluminum, µ ≈ 11.7 eV. The structure function is derived in greater detail in Appendix B. For the future reach, we assume a meV threshold, kg-year exposure and negligible irreducible backgrounds. If the particle mediating the scattering is a kinetically mixed dark photon, the scattering is subject to screening by the valence electrons of the metal. In practice the rate is suppressed by the Thomas-Fermi screening length, which implies a reduction of the reach of several orders magnitude, depending on the momentum transfer. For our rate calculation we include the full momentum dependent correction to the dark photon propagator, following the discussion in [65] .
B. Polar materials
The detector with a polar material target proposed in [29] can be described as an ultra-low threshold calorimeter for single, athermal phonon excitations. Since polar materials are insulators or semiconductors, the 1-10 meV threshold needed to detect single phonons is well below the band gap of the material. Unlike the examples discussed above, the detector is therefore not optimized for detecting electron excitations directly, but it is nevertheless still possible to excite phonons through the coupling to the inner shell electrons [30] . For a mediator coupling to electrons, a superconducting target tends to perform somewhat better than a polar material target. The kinetically mixed dark photon mediator is however an important exception due to the screening effect described in the previous section, which strongly limits the reach of superconductors for this scenario. For an insulator (e.g. sapphire) or a semiconductor (e.g. GaAs) this issue does not arise.
A defining feature of polar materials is that the optical phonon modes of the crystal correspond to the coherent oscillation of an electric dipole in each unit cell, which implies an enhanced coupling to a kinetically mixed dark photon. In the limit where the dark photon is massless, the ADM nugget can be thought of as carrying a small electric charge. In this case the dynamic structure factor is [29, 30] S(q, ω) = 2q
takingσ 0 in Eq. (27) (for the massless case), g e = e and g t = κe with e the electron charge and κ the kinetic mixing parameter. 0 and ∞ are the low and high frequency dielectric constants respectively, and ω LO is the energy of the longitudinal optical phonon in the zero momentum limit. The reference momentum is taken to be q 0 = αm e . 7 We note that the above equation
is an analytic approximation, valid only for isotropic crystals like GaAs. The general structure function is more complicated and must be evaluated numerically; see [30] for details. Since the numerical treatment is rather computationally intensive, we restrict ourselves to the analytic formula in Eq. (53) for GaAs in this work. As in Sec. III B, we require q < 1 keV, to ensure the validity of the phonon description.
C. Results
We now turn to a quantitative comparison of the numerical results. As in the case of coupling to nucleons, the key quantity is the radius of ADM nugget, given by
In our reach estimate, we again fix m χ to two benchmark values and vary the ADM nugget mass M X . As for DM coupling to nuclei, the scaling of a detector's sensitivity falls into three unique regions (see Fig. 2 ), depending on how the momentum transfer compares to the inverse radius. In Region I, the maximum allowable momentum transfer, q max , is smaller than the inverse radius. The scattering of a composite nugget is therefore fully coherent and also indistinguishable from that of an elementary DM particle. In Region II, while q max R X 1, the lowest momentum transfer to which the detector is sensitive, q min , is still smaller than 1/R X . The scattering is therefore still coherent, but only in part of the phase space. In Region III, q min R X 1 and the scattering is never coherent and thus the rate is strongly suppressed. The transitions between Region I and II and Region II and III occur roughly when the inverse radius is small compared to the maximal momentum transfer and the experimental momentum transfer threshold, i.e.
6 GeV × 7 Note that our definition of the reference cross sectionσ 0 differs with a factor of 4 from the definition in [29, 30] .
where v 0 is the typical DM velocity in the Milky Way and q max ≈ 2αm e , as explained below; this is significantly smaller than in the nuclear recoil case. Notice that, at least for atomic ionization and semiconductor detectors, Region II is fairly narrow, as q max is numerically close to q min ≈ E thres /v 0 .
The structure functions are substantially more complicated than those for nucleon couplings in Sec. III, but we can still extract the rough scaling of the scattering rate by making a number of additional approximations: if the electron were free, the structure function would simply be Eq. (34), except with the mass of the electron instead of mass of the nucleus and A = 1. The effect of the electron being in a bound state is two-fold: first, the energy transferred to the electron, E e , is now related to the momentum transfer via
found by imposing energy conservation on the DM-electron-nucleus system. This implies the relation
between the minimum possible momentum transfer (q min ) and the detector threshold (E thres ). Secondly, the electron is not only not at rest, but its velocity in the atom, v e , is larger than the mean DM velocity. This implies that q max ≈ 2m e v e , where v e ≈ α ≈ 10 −2 , and we expect that the cross sections for scattering via a heavy mediator roughly scales as
while for a light mediator, we expect the cross section to scale as
Note that while these electron recoil cross sections have the same scaling dependence on q max , q min and R X as for the nuclear recoil case, the dependence on E thres is altered, following Eq. (57). These relatively crude approximations broadly reproduce the scaling behavior of the reach of the various detector types, but their quantitative accuracy is not always guaranteed, as more subtle but numerically important in-medium effects (e.g. Pauli blocking) are not accounted for. However, these in-medium effects can also sometimes be included in a similarly rough manner; when appropriate, we will provide an estimate of the consequences of these effects on specific detector limits in our discussions below. In our result plots, we always present the full, numerical results, as outlined in the preceding sections.
The reach for a heavy mediator is shown in Figs. 6 and 7 for m χ = 10 MeV and m χ = 10 GeV respectively. The grayed region again indicates cross sections larger than geometric, which are unphysical. For electron couplings there is a mild overburden effect for underground experiments, as argued in Appendix A. The parameter space where this is relevant is however fully covered by the SENSEI surface run. The dot-dashed purple line refers to the constraint in Eq. (11), which represents the intensity frontier bounds on the mediator particle, specifically from BaBar and LSND (see Sec. II B 1 for details).
When in Region I, i.e. when the ADM nuggets are quite small, low threshold detectors (superconductors in the present context) do not have an advantage over their counterparts with higher thresholds: comparing a 1 eV threshold semiconducting experiment to a meV threshold superconducting experiment only shows the effect of Pauli blocking, which weakens the constraints by approximately three orders of magnitude. The initially surprising appearance of Pauli blocking can be understood in the following way: While one might naively expect that the rate for DM scattering in superconductors should be dominated by electrons deep in the Fermi sea (because the nugget carries plenty of kinetic energy), the rate is instead dominated by energy deposits near the detector threshold. The physical reason is that scattering of heavy, slow-moving dark matter off of a fast electron typically imparts a momentum transfer twice the initial electron momentum. For the electrons deep in Fermi sea, this does not suffice to knock the electron across the Fermi surface, and as such the process is Pauli blocked. Thus one can only scatter off electrons near the Fermi surface, which substantially reduces the number of available scattering centers for the ADM nugget.
Of the existing constraints for m χ = 10 MeV (Fig. 6) , the XENON10 limit is substantially stronger than the SENSEI limit, due to its much larger exposure. The 1, 2 and 3 electron bins for XENON10 however have a substantial amount of background, such that the reach at low M X is primarily driven by bins with 4 or more electrons, effectively raising the threshold to ∼ 60 eV. With Eq. (55), this explains why the limit from XENON10 starts to deteriorate at lower M X , as compared to the SENSEI limit. Focusing next on the reach of future semiand superconductor experiments, note that both have the same q max , as it is set by twice the typical electron momentum. Therefore, both detectors transition between Region I and Region II around M X 3 × 10 6 GeV, and the difference in their reach at low nugget masses can be understood completely through the existence of Pauli blocking in superconductors. Moreover, the semiconductor detector rather quickly transitions from Region II to Region III, due the numerical coincidence that q min is less than an order of magnitude smaller than q max for this detector. This transition is delayed for the low threshold, superconducting device, such that it can eventually compensate for the suppression due to Pauli blocking. This is what occurs in Fig. 6 , where superconductors begin to dominate over semiconductors around M X ≈ 10 11 GeV.
For more compact nuggets, i.e. with m χ = 10 GeV, the ADM nuggets behave like point particles for all detectors, and there is no form factor suppression. The semiconductor (or ionization) experiments therefore always dominate, since they do not suffer from Pauli blocking. The reach is therefore primarily exposure-driven, as is shown in Fig. 7 . A future noble liquid detector with sensitivity to ionization signals and more exposure than XENON10 (e.g. LBECA) could therefore be an interesting alternative to search for ADM nuggets, or heavy DM with electron couplings more generally. That is, provided that the backgrounds can be kept low, a caveat which applies to all future proposals we consider.
The reach for a light scalar mediator and for a light, kinetically mixed dark photon is shown in Figs. 8 and 9 respectively; both are for point-like nuggets, with m χ = 10 GeV. As in the nuclear recoil case, a mediator is considered "light" if its mass is small compared to the typical momentum transfer, in this case m φ αm e . For the scalar mediator case, we take the mediator mass to be m φ = 1 eV, which corresponds to a maximal coupling to electrons of g e ∼ 10 −15 from stellar cooling constraints [46] . For the vector mediator case, we fix g e = 10
−10 , which is consistent with stellar cooling bounds for a dark photon with mass m A = 10
This constraint is combined with the constraints from perturbativity (g χ 1) and dark matter self-interactions in Eq. (15) . We also include the lines that demarcate regions that are a priori physical, but for which our approximations do not hold. In particular, in the region above the dot-dashed blue line, defined by Eq. (17), the mediator mass receives important in-medium corrections, as the charge density of the fermions can dramatically alter the light mediator's potential. Lastly, note that the maximum nugget mass that GaAs, silicon semiconductor and aluminum superconductor detectors can probe with a kg-year exposure are slightly different due to the difference in the detector volumes.
In direct detection experiments, the scattering rate for interactions via a light mediator is always dominated by low momentum transfer, due to the q 2 0 /q 2 form factor in Eq. (26) and so low threshold experiments always perform best, as long as Pauli blocking or in-medium screening effects are not too severe. Focusing first on scalar mediators (Fig. 8) , the existing constraints are provided by XENON10 and the surface run of SENSEI. For the future reach, superconductors dominate over semiconductors, despite the Pauli blocking suppression, as the rate per unit exposure is proportional to 1/q 2 min ∼ 1/E 2 thres . There are several important differences when considering a vector mediator (Fig. 9) . For polar crystals (e.g. GaAs), the dark photon has a strong coupling to the optical phonons in material, which enhances their sensitivity. Superconductors on the other hand pay a large penalty in reach due to the screening by the valence electrons, as discussed in Sec. IV A 3. For indirect constraints, we also demarcate, with a dot-dashed green line, where the dark Coulomb barrier would forbid nuggets from successfully undergoing fusion in the early Universe, as given in Eq. (19) . Depending on whether the last fusion reaction to freeze out is between two large nuggets or a large nugget and a free constituents or small nugget affects the mass of the maximum nugget that can be synthesized [14, 17] and so we choose to plot both of these constraints.
V. CONCLUSIONS
We have considered the detection of nuggets of Asymmetric Dark Matter, comparing and contrasting low threshold but low exposure proposed experiments (such as superconductors, superfluid helium, polar materials and semi-conductors) with higher threshold but larger exposure experiments (notably the traditional noble liquid xenon experiments). We found that both types of experiments have a role to play:
• Larger experiments are more successful at accessing compact and lighter nuggets that interact with the Standard Model via a heavy mediator;
• Smaller, but lower threshold, experiments can dominate for less dense nuggets and for nuggets which interact with the Standard Model via a longer range mediator.
It has been shown that large bound states of Asymmetric Dark Matter arise quite generically in the presence of a sufficiently strong attractive force, and their astrophysical and cosmological evolution can be quite distinct from other known DM candidates. It is therefore important to pursue complimentary search strategies for constraining these intriguing dark matter candidates.
There are number of possible future directions: Firstly, in our analysis we have not considered the likely possibility that the ADM nuggets follow a non-trivial mass distribution, which can be bimodal in the case of a bottleneck in the formation history [17] . In such a scenario, there could be a signal from larger nuggets in one or more low threshold experiments, simultaneously with a signal from the smaller nuggets in the traditional large noble liquid detectors. Moreover it could be interesting to revisit some of the prior studies of the differential energy spectrum [21, 22] by including low threshold detectors, as well as correlating the spectrum with the formation history of the ADM nuggets. Table II for dark photon mediators. All non-direct detection constraints, denoted by dot-dashed lines, are drawn assuming g e = κe = 10 −10 , consistent with stellar cooling bounds for m A = 10 −2 eV. Early universe nugget formation constraints how large g χ can be, marked with blue and green dot dashed curves.
with n T the number density of the material. The second term in Min accounts for the possibility that the nugget scatters off every nucleus it meets, which occurs if the cross section is sufficiently large [69] . The presence of the form factor implies that the overburden depends on the nugget radius. For large nuggets, the probability of transferring a sizable amount of momentum is suppressed, these nuggets are much less likely to get stopped, as compared to a point-like DM with a comparable mass and cross section. For ADM nuggets coupling to electrons through a light mediator, we estimate the energy loss with the Lindhard-Scharff formula for electronic energy loss [79] . For a singly ionized atom with speed v and atomic number Z 1 , traveling the through medium with atomic number Z 2 , the average energy loss per unit distance is
which is always satisfied for nuggets with 10 GeV constituents, but not for nuggets with 10 MeV constituents; however, the region where overburden is important is always constrained by the SENSEI surface run. Note that for both the heavy and light mediators with electron couplings we have implicitly treated the ADM nuggets as point particles, which is a good approximation for low mass ADM nuggets, which is where the overburden effect is relevant.
